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n − d ± w_lD u®bDe1l .w_lDmzbDmlDrÍzqsdfedÃmlDqs}z¶q_ªMubDe)t[qslDz}moDe1e1Íw_t1qs~Dm©w.l dÃw.um¨Ì ¸. lu®bneqslDebDw_lD ± zqsdfeq_ªVubDe[z}ew_porsq_mubDdfzw_popq ¬ u®qqs~uw_mlXe/ft[me[lGukmdÃDpe[dfe[lGuwu®moq_lDz « ze1eÎ0 ¯¬ bDmpoe´ubDeÑw_porsq_mubDdfzÀdfe[lGu®mqslDlDe1Iml:u®bDeÍw_~?q¡seÑw_w_rs®w.Db:Dq lDq_u)w_ppoq ¬ u®q qs~nu®w_mol:yDzw_~DpemodfDpe[dfe[lGuw.umoqslnz ¸1. lubDeq_u®bne[Vbw_ln ± w_DDp¨|mlDrKu®bnevt1p©w_z}zmtxw_pÏÆj[Á[q_ynu~§q_yDlDu®qku®bDe?qsp|\lDq_dÃmow_pz}|\zÅu®e[dfzt[qslGu®w_molDmlDrkdfmolDqs}z2q_ª§wÆw_t[q_~Dm©w_l¶dÃw.um¨Ì ¬ bDmtbÃne1³lDeubDet[m¨u®mtxw_p\poq\t[yDzVq.ª<wkD}q}e[t7u®mqslrsm¨se[zmolu®bDeÆtxw_z}e!q_ªwve[r_yDp©w_Bze1yDe[lDt1e
Dn−d ((n− d)(D − 1))d « ze1e2Î ± 3 ¬ bDe[}e!zyDtbwM~§qsynlDmoze7ÌDpmot1mu®e1p|+dfe[lGumoqslDlne[ ¯ ¸ abnmoz~?qsyDln moz ¬ qsz}eÀu®bw.l u®bDeÃw.ªÉqs}e[dfe[lGu®mqslDlDe1 ~?qsyDlDnz ± ~Dyumubw_zlDe7se1M~?e[e1l²}exw_tbDe1´mlubDe%e7Ì?e[mdÃe1lGu®z ¬ e?e[}ªÉq_dfe[ ¬ mub)q_yDmodfDpoe1dÃe1lGuw.umoqslDz ¸
Ò qs}e[q¡se1 ± e[dÃw_4,u®bw.uvu®bne[ze§q_p|\lDqsdfm©w_p§z}|\z}ue[dfzkw_}elDq.urse1lDe[}mot5Æu®bne1|²w_eq¡se1De7u®e[}dÃmlDe[ ±w_lDµu®bDee Ì\u®®w.t1u®e1ÊdÃmlDqs}zªÉ}qsdÈu®bDekw_t[qs~nm©w_lµdÀw.umÎÌÑDe[?e[lDÊq_l
f1, . . . , fs ± zq´ubw.uqslDet[w_lbDqs?eu®bw.u%ubDeÃt1p©w_z}zmtxw_pÏj1Á[qsyu~?qsyDlDÑmoz%?e[z}zmodfmozÅu®mt ¸76 lDDe1zÅuw_lDnmolDru®bDefz}uyDt7u®yD}ew_lnµu®bnerse1qsdÃe7u®Å| q_ª%?qsp¨|lnqsdÃmow_pz}|\zÅu®e[dfz
De7³lDmolnrÊt[m¨u®mtxw_p?qsmolGu®zÀ~| e1.w_pyw.umolDr ¬ mu®b w.t[t[yn®w_t7| u®bnelyDd~?e[q_ªt[q_dÃDyu®e[µ§q_molGu®zmolÑu®bDe ¬ qs}z}utxw_z}eÀtxw.l°poe[w_Ñuq²ªÉyDÅu®bDe1Dw_t1umot[w_p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q_ªwD}q}e[t7u®moq_l²ªÉyDlDt7u®mqsl´}e[z}umt1u®e1²uqwÃz}dÃq\q_ubXw_prse[~Dw_motK.w_}moe7u·| ± molu®bDeze[lnzeubw.uvu®bDe1ze~?qsyDlnDzw_}e}exw_tbne[)mol
u®bDe ¬ qszÅut[w_ze ¸
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(T½'&» ¬ bDmotbÊt1qslDz}moz}uzmol ¬ }mumolDr´ubw.u ± wufwÍt1m¨u®mot[w_pS§qsmlGu ± u®bne[ee Ìnmz}uzÃwXpmolDe[w_t1qsd~Dmlw.u®mqsl ~?e1u ¬ e[e1l ubDese1t1u®q_z
(grad(f1), . . . , grad(fs), e) ±n¬ bDe1e e ∈ Cn moz!ubDekse1t1u®q_vz}yDD?qs}umolDrubDe%pomlDe ¬ bDmtb²mzu®bDe%mdÂw_rseq_ª
π ¸ abnmoz2?qsp|\lDq_dÃmow_pGz}|\z}ue[d moz&t[w_pope[mlu®bne!ze1\yne[p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π
e[zÅu®}mot1ue[)u®q
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mzvÁ1e[}q.Â·DmdÃe1lDzmqslw_p ± ubDe[l)u®bDet[qsdfDpe7Ìzq_poynumoqslze7uq.ª ¦ w_rs®w.lDrse_Ó zz}|\z}ue[d mozvw_pzqfÁ[e[}q.Â·nmodfe[lDz}moqslw.p «É¬ bDmtb´mzvlnq_uu®bDetxw_z}eml)ubDelnqsle[yDmDmodfe[lnzmoq_lw_p<t[w_ze ¯ ¸mlDt[e ¦ w_rs®w.lDrsedyDp¨u®monpomoe1z<w_D?exw_ ¬ mubDe1rse1e 1 ml ¦ w_rsw_lDrse.ÓÔzBz}|\zÅu®e[d ± e7.w_poywu®molnrMw.lD~?qsyDlnÂmolnrubDeMne[rs}e[evq_ª{u®bneMt1mumot[w_pDpoq\t[ynz «­¬ bDmotbÃmozzynD§q_ze[uq~?evÁ[e[}q.Â·nmodfe[lDz}moqslw.p ¯ q_ª π }e[z}umt1u®e1u®q
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moz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u®w_lDzÅªÉqsdfe[²~|w~DmÎÂ·bDqsdfqsrse1lDe[mz®w.umoqslD}qt1e[z}z ¬ bDmotbÍDmz}u®mlDrsyDmzb)u®bDe.w_}m©w_~Dpe[z X1, . . . , Xn w_lnXu®bDe ¦ w_rsw_lDrsedyDp¨u®mDpome[z6mluqkwK~DmÎÂ·bDqsdfqsrse1lDe[q_yDz&?qsp|\lDq_dÃmow_pGz}|\z}ue[d ¸ abyDz ± u®bne!Dq_~Dpoe1d mz&e1DyDt1e[u®qkD}q£_ew´zÅu®q_lDrX~DmÎÂ·bDqsdfqsrse1lDe[q_yDzÏÆj[Á[q_ynuabDe1qse1d ± m ¸ e ¸ w²~§qsynlD°qsl ubDeÀz}yDd q_ªu®bDe  \º¿¹_¼®ºº $%q_ªu®bnemoz}qsp©wu®e[)D}modÃw_}|
t1qsdf§qslne[lGu®zvq_ªw_l²moDe[w_p6rse[lne[®wu®e[´~|²wf~Dm¨ÂËbDqsdfqsrse[lne[qsyDzzÅ|zÅu®e1d ¸Ä eD}q£_ezyntbXw¶e1zyDp¨u ± ~G|
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bw.z!De[r_e[e
Ds(D− 1)n−s
(
n
n−s
) ¸ abDmoz!~?qsyDln~§e1t[qsdfe[z Ds(D− 1)n−s(n−1
n−s
) molfu®bDetxw_z}e ¬ bDe[}e
(f1, . . . , fs)
mzkwe1rsyDpow_z}e[yDe[lnt[e ± w_lDÍz}qsdÃet[qsdfDynue[Kz}modyDpow.u®mqslDzvzbDq ¬ mumozKqsu®modÃw_p ± z}molDt1emumze[w_tbDe[ ¸
!u!pow_z}u ±\¬ eKyDz}eu®bneKw.ªÉqs}e[dfe[lGu®mqslDlDe1D}qs§e1}umoe[zSq_ª ¦ w_rsw_lDrse.ÓÔzÆz}|\z}ue[dfzu®qrse[lDe1®w_pmoÁ1evubDeKw_prsq.Âm¨u®bDd Dyne!u®qnw.ªÉe7|¶w_lnftbDqszÅuVªÉqs&t1qsdÃnynu®mlDrkw.uVpexw_zÅuVqslDe§qsmlGu2molexw_tbt[q_lDlDe[t7u®e1Ãt1qsdÃ?qslDe1lGuq_ªwÃzdfqq_ub´w.lDXe[yDmDmodfe[lnzmoq_lw_pe[w_pw_porse1~D®w.mot%ze7u « z}e[e Î ¯ uqÀlDq_lXe[yDmDmodfe[lDz}moqslDw_pzm¨u®ywÂu®mqslDz ¸ abDe1l ± ~G|Ñe1.w_pyw.u®mlDr
u®bDefzmÁ[eq_ªÆu®bDefqsynuDynuq_ª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# %$¢  '&G¢n Ü Ü
 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(u, v) ∈
Q × Q 
f(uX1, . . . , uXn, v`1, . . . , v`k) = u
αvβf(X1, . . . , Xn, `1, . . . , `n).
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I
½  (_» &» )½ 
d+e+2
º %(*) $ *º "( s½#"  "
& º  _½#"Àº7»%$7½'&»%$ & º (  *"¶½ $ $7½' )oº ?¼ ½#"(_¼ ¾ &3" &»<º7»$&
I 
Ø   ¢  Bº
I ⊂ R
 7º (  [½"  &3" &¹\º7»<º &  $´½! \º (*)2(_» 
(d, e) ∈ N × N
(_» (  *"¶½ $ $7½' )oº  [½"
 _½#"Àº7»%$7½'&»&
I   º7»A&¼ (¹\º7»<º7¼ ½¿¾¾ &½¿¾º & d+ 1  &3" &¹\º7»<º &  $ ) ½­»<º (_¼ A&¼ " $ u1, . . . , ud, X½­»
Q[X1, . . . , Xn]
(_» (X¹\º7»<º7¼ ½¿¾²¾ &½¿¾º &
e + 1
 &3" &¹\º7»<º &  $ ) ½­»<º (_¼ A&¼ " $
v1, . . . , ve, L
½­»
Q[`1, . . . , `k]
 º½! \º (*)
I + 〈u1〉 + . . .+ 〈ud〉 + 〈X − 1〉 + 〈v1〉 + . . .+ 〈ve〉 + 〈L− 1〉 ⊂ R
º7½º7¼¶º %(*) $
R
&¼%½ $ 	º7¼ & "  _½#"Àº7»%$7½'&»(*) 
Æ¼ &&  abneSnq\q_ªnmz{DqslneS~G|kmlDDyDt7u®mqslkqslku®bDeDmdÃe1lDzmqsl p q_ª I ⊂ R ¸ yDD?qsz}e I bw_zDmdÃe1lDzmqsl
2
w_lD)poe7u
C
~?ew¶D}modÃw_}|Ãt[q_dÃ?qslDe1luq.ª
I
bwxmlDrfDmodfe[lDz}moqsl
2 ¸ yDD?qsz}e C t[qslGuw.molDzvw¶§q ¬ e[q_ª
〈X1, . . . , Xn〉 « }e[z ¸ 〈`1, . . . , `k〉 ¯ ¸ qslDz}e[yDe[lGup| ± ªÉq_w_lG|
pomlDexw.ÆbDq_dÃqsr_e[lDe1qsyDz!ªÉqs}dÃz X w.lD
L
p|\molnr}e[z?e[t7u®m¨se[p¨|fmol
Q[X1, . . . , Xn]
w_lD
Q[`1, . . . , `k] ± C + 〈X− 1〉+ 〈L− 1〉 = R ¸ ynD§q_zelDq ¬ C Dq\e[z!t1qslGuw_ml
lDe[m¨u®bDe1w?q ¬ e[q.ª 〈X1, . . . , Xn〉 lnqsw?q ¬ e[q.ª 〈`1, . . . , `k〉 ¸ abne[l ± ªÉqswrse1lDe[}motvtbDqsmot1eMq.ª{u ¬ qpomlDexw_bDq_dÃqsr_e[lDe1qsyDzªÉqsdfz X w_ln L p|\molnr}e[z}§e1t1u®m¨se1p|fmol Q[X1, . . . , Xn]w_lD
Q[`1, . . . , `k] ± C + 〈X − 1〉 + 〈L− 1〉 ⊂ R mozÁ1e[qÂ·DmdÃe1lDzmqslw_p ¸
 q ¬%± zynD§q_ze
u®bDew.zze1}umoqsl°uq+~§euyDeªÉqs p − 1 w.lDÊpoe7u I ⊂ R ~§ew_l moDe[w_pÆq.ªMnmodfe[lDz}moqsl
p ¸ abDe[l ± ªÉqse[w_tbÊD}modÃw_}|+t1qsdf§qslne[lGu C q_ª I bwx\molDr´dÀwÌmdÀw_pVnmodfe[lDz}moqsl ± rsm¨se[l°w´rse[lne[mt
898;:*<-=?>A@AB
pomlDexw.&bDqsdfqsrse1lDe[q_yDz&ªÉqs}d
u
p|\molnrKmol
Q[X1, . . . , Xn]
q_
Q[`1, . . . , `k] ± C+〈u〉 « qs C+〈v〉 ¯ e1mubDe[t[q_lu®w_molnz&w§q ¬ e[q_ª 〈X1, . . . , Xn〉 qsBwM?q ¬ e[Bq_ª 〈`1, . . . , `k〉 ± w_lDu®bDe1l C+〈u〉+〈X−1〉+〈L−1〉« }e[z} ¸ C+〈v〉+〈X−1〉+〈L−1〉 ¯ e[yw_pz Q[X1, . . . , Xn] « e[z} ¸ Q[`1, . . . , `k] ¯ ± qsBbw_zDmodfe[lnzmoq_le[yw.p{u®q
p− 1 ¸

 lÃubDevlDe7Ì\uÆze[t7u®mqsl ±¬ evDe1³DlDe  mopo~?e[Åu~Dm¨ÂËze1moe1zq_ª{~DmÎÂ·bDq_dÃqsr_e[lDe1qsyDzVmonexw_pz ¸ abnmozu®q\qspmozyDz}e[Ãuqe1p©w.ue!u®bDevlyDd~?e[q_ª§q\q_u®zq_ª<w%~Dm¨ÂËbDqsdfqsrse[lne[qsyDzVmDexw.pDq_ª{~nm¨Â·nmodfe[lDz}moqsl
(0, 0)
u®q%u®bDeDe1rse1eMq.ª{wÁ[e1q.ÂËDmodfe[lnzmoq_lw_p{mDexw_p6ml
R ¸ abDmz ¬ mpoppexw_u®qÃDe1³DlDe(*) ¹\º  [¼4(_½¿¾  [½"  \º¿¹_¼®ºº $q_ª&~Dm¨ÂËbDqsdfqsrse1lDe[qsynzmonexw_pz ± ~G|w_nDp|\molnr¶mu®e1®w.um_e[p|fu®bnew.~§q¡sepoe1dÃdÃw ¸
  	
	 
!²Ü ¡¢ Ü  ¦ e1u
R
~§ewÃ?qsp¨|lnqsdÃmow_p<}molDr ¸ ikmse1l´wft[qsynDpoe (i, j) ∈ N × N ±¬ eDe1lDq_u®e~G| Ri,ju®bne¶zyD~Dz}e1uq_ªS?qsp|\lDqsdfm©w.pozvmol
R
q_ªSDe[r_e[e1z
i
molXubDe¶ze7uq.ªS.w_}m©w_~npoe[z
X1, . . . , Xn
w_lD
j
molXu®bneze7uKq_ª&_w.m©w.~Dpoe1z
`1, . . . , `k
¸ i%m¨se[l´w_l´mDexw.p I ml R w_lD+wft[qsyDnpoe (i, j) ∈ N × N ±¬ ene[lDq_ue~G|
Ii,j
u®bDe%mlue[}ze[t7u®mqslq_ª
I ¬ mub Ri,j ¸ikmse1lwt[qsyDnpoe
(i, j) ∈ N×N ±¬ ene[lDq_ue~G| R≤i,≤j u®bDevzyD~nze1u!q_ª?qsp|\lDqsdfm©w.poz2ml R q.ªDe[r_e[e1zpoe1zzubw_l+qsMe[yw_pBu®q
i
ml²ubDeze7u%q_ªV.w_mow_~Dpe[z
X1, . . . , Xn
w_lD´poe[z}zu®bDw_l+qse1yw_p&uq
j
ml´u®bneze7uKq_ª&_w.m©w.~Dpoe1z
`1, . . . , `k
¸ i%m¨se[l´w_l´mDexw.p I ml R w_lD+wft[qsyDnpoe (i, j) ∈ N × N ±¬ ene[lDq_ue~G|
I≤i,≤j
u®bnemlGu®e[}ze1t1u®mqsl)q_ª
I ¬ mub R≤i,≤j ¸

Ø  É Ü#"  º%$½#)
 7º7¼   [½"'$¡º7¼7½¿º $ & (_»Ñ½! \º (*)
I ⊂ R
¹\º7»<º7¼ (·º    (¶~Dm¨ÂËbDqsdfqsrse[lne[qsyDz  &3) "» &3"¶½!(*)(*"¶½#)½ $ º2$¡º7¼ ½¿º $ ∑
i,j dim (Ri,j/Ii,j) t
i
1t
j
2 
 º (& »<º'$K½#)
 7º7¼   [½"'$¡º7¼ ½¿º $ &+(_»´½! \º (*)
I ⊂ R
¹\º7»<º7¼4(·º   7()(©lDqslÂËbDqsdfqsrse[lne[qsyDz*  &3)» &3"¶½!(*)
(*"¶½#)½ $ *º+$¡º7¼ ½¿º $ ∑
i,j dim (R≤i,≤j/I≤i,≤j) t
i
1t
j
2 qslDz}moDe1Kwf~Dm¨ÂËbDqsdfqsrse[lne[qsyDz?qsp|\lDq_dÃmow_p{z}|\zÅu®e[dÐmol
R
De7³lDmolnr
wÃlDq_lÂ·e1dÃnu·|~nm¨Â·nq}e1t1u®m¨se_w£Âme1u·|
ml
Pn−1(C) × Pk−1(C)
q_ª&~nm¨Â·nmodfe[lDz}moqsl
(0, 0) ± w_ln I u®bDe%mDexw_p<murse1lDe[w.u®e1z ¸ abDmozz}e[t1umoqslmozkne1sq.u®e[Ñu®qD}q£_efubw.u ± ªÉqs i (_» j ) (_¼P¹\ºº7» & _¹  ± u®bneft1qe /ft[moe1lGuw.D§e[w_mlDr
mlÍubDe  mpo~?e[}u~DmÎÂ·ze1me[zq_ª
I
mzt[qslDzÅuw_lGu ¸ De7³lDewlDq_u®mqsl
q_ª
abDeªÉqspopq ¬ mlDr}e[zynpuMe[pow.u®e1zu®bDetxw_}DmolDw_pom¨u·|q_ª2wf~DmÎÂ·bDq_dÃqsr_e[lDe1qsyDzmoDe[w_pq_ª&~Dm¨ÂËDmodfe[lDz}moqsl (0, 0)¬ mub
u®bDe%De1rse1e « molu®bnet1p©w_z}zmtxw_p{dfexw.lDmolDr ¯ q_ª&wfÁ1e[qÂ·DmdÃe1lDzmqslw_p?moDe[w_p{ml R ¸
Ø   ¢  Bº
I ⊂ R
 7º (_»A½! \º (*)¹\º7»<º7¼ (·º    ( (*"¶½#) &  [½"  &3" &¹\º7»<º &  $  &3)» &3"¶½!(*)
 \º,+»½­»\¹ (	º7¼ & "  _½#"Àº7»%$7½'&»(*)  [½" ?¼ &xº¾P½_º 3(_¼ ½¿º'
V ⊂ Pn−1(C) × Pk−1(C) 
- &¼(²¾ &  )oº7&  &3" &¹\º7»<º &  $ ) ½­»<º (_¼ A&¼?" $
X ∈ Q[X1, . . . , Xn]
(_» 
L ∈ Q[`1, . . . , `k]
¾ &$¡º7»
& $7½! \º (/.1(_¼ ½ $10½S¾ ) &$¡º  $   $¡º  º%½! \º (*)
I + 〈X − 1〉+ 〈L− 1〉 ⊂ R
½ $ 	º7¼ & "  _½#"Àº7»%$7½'&»(*) (_» ½#$  \º¿¹_¼ºº  &¡º $%» &   \º º7» &» *º¶¾ &½¿¾º &
X
(_» 
L 
Æ¼ &&  qslDzmDe[KubDe¶w_ndÃmzzm~DpoeDmdÀw.}|)t[qsdf?qslDe[lGuzKq_ªu®bDe¶nmodÃw_Å|²ne[t[q_dÃ?qszm¨u®mqslXq_ªu®bnemonexw_p
I
mol
C[X1, . . . , Xn, `1, . . . , `k]
¸
(*) 8+(*,
mlDt[eÆexw_tb¶?qsmolGu&mol
Pn−1(C) « e1z ¸ Pk−1(C) ¯ mz&mlqslDe ÂËuq.Â·qslnet[q_e1z?qslDDe1lDt[e ¬ m¨u®b¶wMpomolneÆml Cn« }e[z} ¸ Ck ¯ t1qslGuw_mlDmolDrKubDeqs}morsml ± e[w_tbf§qsmlGu2mol V ± q_ª?dyDpumoDpmot1mu·|KubDeqslDeq_ªubDet[qs}e1z?qslDDmlDrD}modÃw_}|Ñt[q_dÃ?qslDe1luml°u®bDew.~§q¡seD}modÃw_}|ÑDe1t[qsdf?qszm¨u®moq_l ± mozmlÊqslDe ÂËu®qÂ·qslDeÀt[qs}e[z}§q_lDDe[lnt[e¬ mub wXt[qsynDpoeq.ªMpmolDe1zmol Cn × Ck ' Cn+k «É¬ m¨u®b°u®bne
z®w_dfedyDp¨u®mDpomt[mu·| ¯ ¸  lÊu®bDe
z}e[yDe1p ± wbDqsdfqsrse1lDe[q_yDzpmolDe[w_vªÉq_d
X ∈ Q[X1, . . . , Xn] « e[z} ¸ L ∈ Q[`1, . . . , `k] ¯ mzzw_mo´uq~?e¶¹\º7»<º7¼ ½¿¾mªu®bDebG|\§e1Dpow_lDeDe1³lne[+~G|
X = 0 « e1z ¸ L = 0 ¯ Dq\e[zvlDq_uMt[qslGu®w_mol²w_lG|)q_ª&ubDe[z}epomlDe[zml Cn« }e[z} ¸ Ck ¯ ¸abyDz ± ªÉqs%w¹\º7»<º7¼ ½¿¾tbDqsmot1e¶q_ªwbnqsdÃq_rse[lDe1qsyDzkpmolDe[w_MªÉqs}d « e[z} ¸ L ¯ mol Q[X1, . . . , Xn] « }e[z ¸
Q[`1, . . . , `k] ¯ ± u®bDemDexw.p I + 〈X − 1〉 + 〈L − 1〉 mzÁ[e1q.ÂËDmodfe[lnzmoq_lw_p ± u®bne
t[qsdf§q_lDe[lGu®zq_ªvmu®zD}modÃw_}| De[t1qsdÃ?qsz}mu®mqsl mol
C[X1, . . . , Xn, `1, . . . , `k]
w.eÑt[qslGuw.molDe1 lDe1mubDe[)mol
〈X1, . . . , Xn〉lDqsvmol
〈`1, . . . , `k〉
¸MÒ qse1q¡se[ ± ubDemDexw_pz (I + 〈X − 1〉) ∩ Q[X1, . . . , Xn] w_lD (I + 〈L− 1〉) ∩
Q[`1, . . . , `k] ¯ w_eKÁ1e[}q.Â·DmdÃe1lDzmqslw_pw.lDbwxseKubDeKzw_dÃeMDe[r_e[e ±¬ bDmtb
Dq\e[z!lDq.u!De1§e1lD
qslu®bnetbDqsmt[e%q_ª
X
w_lD
L ¸

Ø  ¢D      & P½¿¾º*%(½ 
X ∈ Q[X1, . . . , Xn]
(_» 
L ∈ Q[`1, . . . , `k]
(_¼®º¶» & K¾ &$¡º7»²r_e[lDe1m¨Âtxw.pop|(Ë½­» º "Àº (_»½­»\¹& º(  & _º ?¼ && *  º½! \º (*)
I + 〈X − 1〉 + 〈L − 1〉
%(3$ (  \º¿¹_¼®ºº )oº $ $
%(_» *º&»<º & '(_½­»<º   º7»
X
(_» 
L
(_¼ºv¹\º7»<º7¼7½¿¾ Öe1lDq_u®e
~G|
R′
u®bDe?qsp¨|lnqsdÃmow_pmlDr
Q[X1, . . . , Xn−1, `1, . . . , `k−1]
¸ i%m¨se1l w´§q_p|\lDqsdfm©w_p f ml
R′≤i,≤j
q_ªuq_uw.psDe[r_e[e
α ≤ i « }e[z} ¸ β ≤ j ¯§¬ bne[lt1qslDz}moDe1e[w_zBw§qsp¨|\lDqsdfm©w_p ¬ mubt1qe /ft[moe1lGu®zBmol
Q[`1, . . . , `k−1] « }e[z ¸ Q[X1, . . . , Xn−1] ¯7± t1qslDzmDe[!ubDew_DDpmot[w.u®mqsl φi,j : R′≤i,≤j → Ri,j ze1lDDmlDr
f ∈ R′≤i,≤j
u®qMu®bDe!?qsp¨|lnqsdÃmow_p
φi,j(f) = X
i−α
n `
j−β
k f(
X1
Xn
, . . . , Xn−1
Xn
, `1
`k
, . . . , `k−1
`k
) ¸ ikmse1l I ⊂ R′ ±
φi,j(I)
ne[lDq_ue[z
{φi,j(f) | f ∈ I≤i,≤j}
¸ DDm¨u®moq_lw_pop¨| ± t1qslDzmDe[Su®bDeMdÀw.DDmolnr ψi,j : Ri,j → R′≤i,≤j«É¬ bnmotbuw*,.e[zvDp©w_t1ekq_ª&wne[bDqsdfqsrse1lDe[mÁxw.umoqsl
nq\t[e[z}zmol)w¶bDqsdfqsrse[lne[qsyDzt1qslGu®e7Ì\u ¯ ~G|z}e[lDDmlDrfw?qsp|\lDqsdfm©w.p
f ∈ Ri,j
u®q
ψi,j(f) = f(X1, . . . , Xn−1, 1, `1, . . . , `k−1, 1) ∈ R
′.
Ø   ¢ " &»%$7½! \º7¼   &+½­»·º¿¹\º7¼ $
i
(_» 
j
 (_» ½! \º (*)
I
&
R′
(_» 
φi,j
º(  & _º ( ) ½¿¾ (T½'&»
 ¼ &3"
R′
 &
R   º7»
dim(R′≤i,≤j/I≤i,≤j) = dim(Ri,j/φi,j(I≤i,≤j)).
Æ¼ &&  bne[t ,molDru®bDw.u φ w_lD ψ w.eVpomlDexw.<dÃw_DDmlDrsz ¬ bDmtbw.eVmolG_e[}u6q.ªe[w_tbq_u®bDe1mozmdÃdfe[Dmow.u®e ¸abyDz ± Ri,j w.lD R′≤i,≤j qsl²ubDeqslDe%bw_lD ± w_ln I≤i,≤j w_lD φ(I)i,j qsl)u®bDeq_ubDe[bw_ln ± w_e%³lDm¨u®e7ÂDmdÃe1lDzmqslw_p{mzqsdfqs}DbDmotK_e[t7u®qsMzw_t1e[z ¸ \molDt1eªÉqs_e[t1uqsz}w_t1e[z E, F ¬ mub F ⊂ E ± dim(E) =
dim(F ) + dim(E/F ) ±n¬ ew_e%Dqslne ¸ ikmse1lwv§qsp¨|\lDqsdfm©w_p
f ∈ Q[X1, . . . , Xn] ± w_lD A ∈ GLn+k(Q) ±¬ eDe[lDq.u®e~G| fA ubDe?qsp|\lDq_dÃmow_pqs~nu®w_molne[%~G|%§e1}ªÉqs}dÃmlDr!u®bDeStbw_lnrseÆq.ª.w_}m©w_~Dpe[zmlDDyDt1e[~|
A
qsl
f ¸6Ä eDe1lDq_u®eS~G| IA u®bDeSmonexw_prse1lDe[w.u®e1À~G|
fA1 , . . . , f
A
s
w_lDf~G|
VA
u®bneMw.porse1~D®w_mt!.w_me1u·|w_z}zq\t[mow.u®e1fuq
IA ¸  lu®bDevze1yDe[p ±\¬ et[q_lDzmDe[ve7Ìt[pyDzm¨se1p|
dÃw.u®}mot1e[z
A
z}yDtb²ubw.uu®bDew_t7u®moq_l)q.ª
A
q_l
R
mozw~Dm¨ÂËrs®w_ne[)mozq_dÃqs}DbDmzdqsl
R ¬ mu®b
}e[z}§e1t1uu®q¶u®bneK_w.m©w.~Dpoe1z X1, . . . , Xn w_ln `1, . . . , `k ± m ¸ e ¸ ªÉq_w_pop§bDqsdfqsrse1lDe[qsynzpomolnexw_ªÉqs}dÃz
X ∈ Q[X1, . . . , Xn] « e1z ¸ L ∈ Q[`1, . . . , `k] ¯ ± A(X) « e[z} ¸ A(L) ¯ mzpomlDexw.ªÉqs}d mol
Q[X1, . . . , Xn] « }e[z ¸ Q[`1, . . . , `k] ¯ ¸
898;:*<-=?>A@AB
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Ø   ¢  Bº
I ⊂ R
 7º (_»+½! \º (*) *º7»
I
(_» 
IA
%(_º º+$ (*"Àº $½#)
 7º7¼ ! [½"'$¡º7¼ ½¿º $ 
Æ¼ &&  abDew_t1umoqsl)q_ª A qsl R mozvw_l´mzqsdfqs}DbDmoz}dq_ª&~Dm¨ÂËrs®w_ne[)molnrÃq_ª&De[r_e[e (0, 0) ªÉqs ¬ bDmotbu®bne¶molGse1ze¶mzu®bnew_t1umoqslXq.ª
A−1 ¸ abyDz ± Ri,j e1yw_poz RAi,j w.lD ± m¨ª E ⊂ R mozkw Q Â¿se[t7u®qskz}w_t1e ±
dim(V ) = dim(EA) ¸ mlDt[eÍªÉqsse1t1u®q_²z}w_t[e1z E, F ¬ mub F ⊂ E ± dim(E) = dim(F ) +
dim(E/F ) ±n¬ ebwx_e dim(Ri,j/Ii,j) = dim(Ri,j/IAi,j) ¬ bDmotb²modfDpome[zSu®bDe%e[yw.pomu·|q_ªubDe  mop~§e1}u~DmÎÂ·ze1me[zq_ª
I
w_ln
IA ¸ 
   Ü 	 Ü A­ Ü   6º
I ⊂ R
 7º (_»+½! \º (*)?¹\º7»<º7¼4(·º     [½"  &3" &¹\º7»<º &  $  &3)» &3"¶½!(*) $   \º,+»½­»\¹ (
	º7¼ & "  _½#"Àº7»%$7½'&»(*)  [½" ?¼ &xº¾T½_º3(_¼ ½¿º 
V
½­»
Pn−1(C) × Pk−1(C)  -1&¼ i w_lD j p©w_}rsee[lDq_yDrsb º¶¾ &¡º,& ¾7½¿º7» &k½­» \º
i, j
½­» º $K½#)
 7º7¼ ! [½"'$¡º7¼7½¿º $ &
I  dim(Ri,j/Ii,j)
½ $¾ &»%$ (_» 
#$ 3(*) º½ $º \º¿¹_¼®ºº& º¶½! \º (*)
I + 〈X − 1〉 + 〈L − 1〉 ⊂ R
  º7¼®º
X
(_» 
L
(_¼®º%¹\º7»<º7¼ ½¿¾
 &3" &¹\º7»<º &  $+) ½­»<º (_¼ A&¼?" $¾ &$¡º7»X¼®º $ º¾T½_º )f½­»
Q[X1, . . . , Xn]
(_» 
Q[`1, . . . , `k] 
Æ¼ &&  i%m¨se1l+rse[lDe1mtbDqsdfqsrse1lDe[qsynzkpomolnexw_ªÉqsdfz X ∈ Q[X1, . . . , Xn] w_lD L ∈ Q[`1, . . . , `k]z®wu®mozÅª­|\molDru®bDew_zz}yDdfnu®mqslDzBq_ª ¦ e[dfdÀwMg ± u®bDeÆmoDe[w_p I+〈X−1〉+〈L−1〉 ⊂ R mzÁ1e[qÂ·DmdÃe1lDzmqslw_pw_lDÍm¨u®zkDe1rse1efnqe1zlnq_u%De[?e[ln qsl+u®bne¶tbDqsmot1eq_ª
X
w_ln
L ¸  q ¬%± tbDq\qszmlDr A ∈ GLn+k(Q)zyntbµu®bDw.u
A(X) = Xn
w.lD
A(L) = `k ± w_lDÑzyntbÑubw.uku®bneft[w_lDqslnmotxw.pVw_t1umoqsl+q.ª A qsl R moz%w~DmÎÂ·rsw_De[Ñmoz}qsdfqsDbnmozd qsl
R
q.ªDe[r_e[e
(0, 0) ¬ mubµ}e[z}§e1t1uuq²u®bnef.w_}m©w_~Dpe[z X1, . . . , Xn w.lD
`1, . . . , `k ± u®bDe%t[q_lDt[pyDzmqsl
ªÉqspopq ¬ zmodfdÃe1Dm©w.ue[p¨|fªÉ}qsd ¦ e1dÃdÃw.uwfw_ln  ¸

      	      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 	  
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
Ç qsdubDeKD}e[t[e1e[DmlDrw_w_rs®w.Db ± u®bDe (*) ¹\º  [¼4(_½¿¾  [½"  \º¿¹_¼®ººSq_ªBw~DmÎÂ·bDqsdfqsrse1lDe[q_yDzmDexw_p?De7³lDmolnr¶w~DmÎÂ·D}q}e[t7u®m_ev.w_}moe7u·|Ãml
Pn−1(C)×Pk−1(C)
txw.l~§eMDe1³DlDe[w_zSu®bDeMt[pow_zz}motxw.p?ne[rs}e[eKq_ª<u®bDeMz®w_dfemonexw_pw_yDrsdfe[lGue[X~G|)u ¬ qw/flDepomolnexw_ªÉqsdfz ± u®bne³zÅuKqslnep|\molnrÀmol Q[X1, . . . , Xn] qsl´ubDeqslnebw_ln ± w.lDÃubDeMq.u®bDe1Æqslnep|\mlDr%mol Q[`1, . . . , `k] qslfu®bDevq_u®bne[Sbw_lD ¸ e[dÃw_4,u®bwuÆubDmozÆw_por_e[~Dw_mot~DmÎÂ·De1rse1emozKw_poz}qÃu®bnezyDdÐq_ªVu®bne¶w_por_e[~Dw_mot~Dm¨ÂËDe[r_e[e1zKq_ªVubDew_Ddfmoz}zmo~npoe%DmdÀw.}|)t[qsdf?qslDe[lGuzq_ª!ubDeÀt1qslDz}moDe1e[ moDe[w_p ¸ aBqXDe7³lDew²lDq_u®mqslÑq_ªw_prse[~Dw_mot~DmÎÂ·De1rse1eÀwx.w_mp©w_~Dpe¶molÑu®bDeÃ§qsz}mumseDmdÃe1lDzmqslw_p6txw.ze ±{¬ e¶yDz}eu®bDe¶ne[t1e[e1DmolDr
~G|Xw_yDrsdfe[lGu®mlDrÃubDe¶monexw_pByDlDDe1kt[qslnzmone[®wu®moq_l ¬ mubbDqsdfqsrse1lDe[q_yDz!pomlDexw.ÆªÉqs}dÃzÆmol
Q[X1, . . . , Xn]
w_ln
Q[`1, . . . , `k]
}e[Dynt[molnr¶qsyD!zÅu®yDn|Àu®qubDektxw_z}eq_ª~Dm¨ÂËbDqsdfqsrse[lne[qsyDz¶mDexw.pozq_ªK~nm¨Â·nmodfe[lDz}moqsl
(0, 0) ¸ zfdÃe1lumoqslnlDe[ w_~?q£_e ± ubDmozt[w_l ~?e²nqslDemol ze7se[w_p ¬ wx|\z ¸ abDe²e1zyDp¨u~?e[poq ¬ mzÀt1yDt1m©w_pu®qµyDlDDe1zÅuw_lD ubDe´t[w_lDqslnmot[m¨u·| q_ªku®bne²ªÉyDÅu®bDe1De7³lDmumoqslnzq_ª2w.porse1~D®w_mtK~DmÎÂ·De1rse1ekrsm_e[l)molu®bnmozw_w_rs®w.Db ¸
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I ⊂ R
 7º (  [½"  &3" &¹\º7»<º &  $K½! \º (*)9(_» $    &$¡º º "( s½#"(*)9 _½#"Àº7»%$7½'&» & *º
(  *"¶½ $ $7½' )oº ?¼ ½#"(_¼ Ñ¾ &3" &»<º7»#$&
I
 &  7º
3   &»%$7½! \º7¼ f ∈ R &  [½"  \º¿¹_¼ºº (α, β)  \½¿¾Ñ½ $¹\º7»<º7¼ ½¿¾ A&¼
I
(Ë½  º  f  &¡º $k» &   7º ) &»\¹  &7(_» ?¼ ½#"Àº (3$ $&¡¾7½!("º   &( ?¼7½#"(_¼ À¾ &3" &»<º7» & I *  º7»A&¼¹\º7»<º7¼ ½¿¾ ) ½­»<º (_¼  &3" &¹\º7»<º &  $ A&¼?" $
u,X
½­»
Q[X1, . . . , Xn]
(_» 
v, L
½­»
Q[`1, . . . , `k] 
deg(I+〈f〉+〈X−1〉+〈L−1〉) = α deg(I+u+〈X−1〉+〈L−1〉)+β deg(I+v+〈X−1〉+〈L−1〉).
Æ¼ &&  ¦ e1u H(I) = ∑i,j ai,jti1tj2 De1lDq_u®e%u®bne  mopo~?e[Åu~Dm¨ÂËze1moe1zq_ª I ± annR/I(f) ubDew.lDlDmobnmop©wu®qsq_ª
f ¬ m¨u®b+}e[z?e[t7uKu®q I ¸ ve1dÀw_4,
u®bw.uKzmolnt[e f mzrse1lDe[}motªÉq_ I ± annR/I(f) moz 0 w_lD´ubw.uKzmolnt[e
(*) 8+(*,
dim(I + 〈f〉 + 〈X − 1〉 + 〈L− 1〉) = 0 ¸ mlDt[eKubDe%ze[yDe1lDt[e~§e1poq ¬
0 → annR/I(f) −→ R/I
f
−→R/I −→ R/(I + 〈f〉) → R
moze Ìnw_t1u ± ubDeKªÉqsppoq ¬ molDrbDqsponz!ªÉqsw_lG|rse[lne[mtke[pe[dfe[lGu f ∈ R q_ª~DmÎÂ·De1rse1e (α, β) 5
(1 − tα1 t
β
2 )H(I) = H(I + 〈f〉)
abDeKzw_dfe ¬ w¡| ± }e[dÃw_ ,fw_pzqubw.uÆªÉqswrse[lDe1mtpomlDexw.ªÉq_d u « }e[z ¸ v ¯ mol Q[X1, . . . , Xn] « }e[z ¸
Q[`1, . . . , `k] ¯ ubDe~DmÎÂ·DmdÃe1lDzmqslq.ª I+〈u〉 « e[z} ¸ I+〈v〉 ¯ moz (0, 0) w.lDu®bDe1l¶u®bDe  mop~§e1}u2~nm¨Â·z}e[}moe[z
H(I + 〈u〉)
w_lD
H(I + 〈v〉)
bwxsew¶t[qslnz}uw.luue[d ¬ bDe[l²~§q_ub i, j → ∞ ± zwx| S1 w_lD S2 ¸abyDz ± ubDet[q\e/ft[me[lGuSq_ª?molDne7Ì (i, j) mol H(I+〈f〉) mz2t[q_lDz}u®w_lGuÆw_lDe[yw_pz 5 ai,j −ai−α,j−β ±_¬ bnmotbtxw.l²~?e%e ¬ }mu}u®e[l)w_z5
α−1∑
p=0
(ai−p,j − ai−p−1,j) +
β−1∑
p=0
(ai−α,j−p − ai−α,j−p−1)
e[dÃw_ ,lDq ¬%± ubw.uu®bne³Dz}uue[d q_ª§ubDevw_~?q£_ezyDde1yw_poz α.S1 ¬ bDmope!u®bDez}e[t1qslDÀe1yw_poz β.S2 ¸
e[dÃw_ ,Íu®bwumª
(I + 〈X − 1〉 + 〈L− 1〉) ∩ Q[X1, . . . , Xn] « e1z ¸ (I + 〈X − 1〉 + 〈L− 1〉) ∩
Q[`1, . . . , `k] ¯ mozÁ1e[}q.Â·DmdÃe1lDzmqslw_p?mol Q[X1, . . . , Xn] « }e[z} ¸ Q[`1, . . . , `k] ¯7± deg(I + 〈u〉 + 〈X −
1〉 + 〈L− 1〉) = 0 « e[z} ¸ deg(I + 〈v〉 + 〈X − 1〉 + 〈L− 1〉) = 0 ¯ ¸

Ø  É Ü   6º
I ⊂ R
 7º(  [½"  &3" &¹\º7»<º &  $k½! \º (*)
D ⊂ N × N
º $   $¡º &¾ &  )oº $
(d, e)$ ¾ %(
d ≤ n− 1

e ≤ k− 1
(_» 
d+ e+ 2
º -(*) $*º "( s½#"(*)  _½#"Àº7»%$7½'&»& º (  *"¶½ $ $7½' )oº
?¼ ½#"(_¼ ¾ &3" &»<º7»#$ &
I   º (*) ¹\º  [¼4(_½¿¾  [½"  \º¿¹_¼®ºº& I   \º7» & "º   ~DmDe[r (I) ½ $ *º+$  "
∑
(d,e)∈D
deg(I + 〈u1〉 + · · ·+ 〈ud〉 + 〈v1〉 + · · ·+ 〈ve〉 + 〈X − 1〉 + 〈L− 1〉)
 º7¼®º
u1, . . . , ud, X
(Ë¼®º $   v1, . . . , ve, L * (_¼®º¹\º7»<º7¼ ½¿¾ ) ½­»<º (_¼ &3" &¹\º7»<º7» &  $ A&¼?" $%½­» *º  &3) "» &3"¶½!(*){¼ ½­»\¹
Q[X1, . . . , Xn]
(Ë¼®º $   Q[`1, . . . , `k] * 
 º%zÅu®q_lDr)w_porse1~D®w.mot~DmÎÂ·De1rse1e &
I
½ $*º $  " &*º7(*) ¹\º  [¼4(_½¿¾  [½"  \º¿¹_¼®ºº $&º (  *"¶½ $ $7½' )oº½ $&3) (·º  ?¼ ½#"(_¼
¾ &3" &»<º7»#$ &
I 
!²Ü ¡¢ Ü  5  l u®bDe´ze[yDe1p ± rsm¨se[l wµ~Dm¨ÂËbDqsdfqsrse[lne[qsyDzfmonexw_p I ⊂ R w_ln:w_l w_Ddfmoz}zm~Dpoe~DmÎÂDmdÃe1lDzmqsl
(d, e) ∈ N × N
q_ª
I ±n¬ ene[lDq_ue%~| Cd,e(I) u®bDe%De1rse1eq_ª 5
I + 〈u1〉 + · · ·+ 〈ud〉 + 〈v1〉 + · · · + 〈ve〉 + 〈X − 1〉 + 〈L− 1〉
¬ bDe1e u1, . . . , ud, X « e1z ¸ v1, . . . , ve, L ¯ w.e%rse[lne[mt%pomolnexw_bDq_dÃqsr_e[lDe1lDqsyDzªÉqs}dÃzmolu®bne?qsp¨|ÂlDqsdfm©w.p}molDr
Q[X1, . . . , Xn] « e1z ¸ Q[`1, . . . , `k] ¯ ¸ ÏÆ|+t[q_l_e[lGu®mqsl ± m¨ª d > n − 1 qs e > k − 1 ±
Cd,e(I)
mozlyDpp ¸
 lÔg  ± ubDe!w_yu®bDqsyDze1z  lGu®e1ze1t1umoqsl¶abDe1qs}|u®qMDq¡_eu®bwu2molu®bDeÆtxw_z}e!q_ªwM~Dm¨ÂËDq}e1t1umse.w_me1u·|
V ⊂ Pn−1(C) × Pk−1(C)
q_ª2~DmÎÂ·DmdÃe1lDzmqsl
(0, 0) ± ubDet[w_nmolw_pmu·|Àq_ª V «É¬ bDmtb´t[q_molDt1moDe1zMml)ubDmoz
898;:*<-=?>A@AB
txw.ze ¬ mu®b)u®bDe%~DmÎÂ·De1rse1eq.ª&u®bnemDexw_pne1³lDmlDr V ¯ mz~§qsynlDDe[²~G|
u®bDet[pow_zz}motxw.p~Dm¨ÂËbDqsdfqsrse[lne[qsyDzÏj1Á[qsynuv~?qsyDlD ¸
 l Î£g3 ± ubDew.ynu®bDq_zr_msewÃz}modfmop©w.z}uwu®e[dfe[lGuyDzmlDrÀDe7ªÉqsdÃw.umoqslu®e1tbDlDmoyDe1z ¸Ä ee Ì\u®e[lnXu®bDmzz}u®w.u®e1dÃe1lGuMuqfubDezÅu®}qslDrÀ~nm¨Â·ne[rs}e[e%q_ªVwf~Dm¨ÂËDq£}e[t1um_e%.w_}moe7u·|
V ⊂ Pn−1(C) × Pk−1(C)
De1³DlDe[~G|Íw~DmÎÂ·bDqsdfqsrse1lDe[q_yDz?qsp|\lDq_dÃmow_p6z}|\z}ue[d
S ⊂ R ¸ aBq
u®bDmzKe[lD ±{¬ e¶ªÉqsppoq ¬ ¨¡ ¬ bDmtbÍrsm_e[z%wzmdÃmp©w_Sz}u®w.u®e1dÃe1lGuMml
u®bDe%bDqsdfqsrse1lDe[q_yDztxw_z}e ¸
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I ⊂ R
 7º (  [½"  &3" &¹\º7»<º &  $X½! \º (*)
D
*º "( s½#"(*)2 _½#"Àº7»%$7½'&» &X½$
(  *"¶½ $ $7½' )oº?¼ ½#"(_¼ +¾ &3" &»<º7»$  (_» 
f ∈ R
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(Ë½  º  f ½ $» &  (	º7¼ & "  _½¡½ $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d+ e+2
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D− 1
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0 ≤ d ≤ n− 1
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α
(∑
(d,e)∈D Cd+1,e(I)
)
+ β
(∑
(d,e)∈D Cd,e+1(I)
)
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(d, e) ∈  2
d + e + 2 = D − 1
Cd,e(I + 〈f〉)
ikmse1l
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u1, . . . , ud, X « }e[z ¸ v1, . . . , ve, L ¯ mol Q[X1, . . . , Xn]« }e[z} ¸ Q[`1, . . . , `k] ¯7± ªÉq_d ¦ e1dÃdÃw)²w_nDpome[+u®q I + 〈u1〉 + · · · + 〈ud〉 + 〈v1〉 + · · · + 〈ve〉 +
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d+ e+ 2 = D − 1
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〈f1, . . . , fs〉
½ $  & \» \º    
B(f1, . . . , fs) =
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I,J
(Πi∈Iαi) . (Πj∈Jβj)
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{1, . . . ,min(s, n + k − 2)}
$ ¾ *%(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(α, β)
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 º7»½   & * α (_» β (_¼ºM» & 2»  )#) &¼½  α = 0 (_» D > k+1&¼k½ 
β = 0
(_» 
D > n+ 1
 *º  [½"  \º¿¹_¼®ºº &
I + 〈f〉
½ $ )oº $ $ &¼º %(*)  &º  [½"  \º¿¹_¼®ºº &
I + f̃ 
Æ¼ &&  mlDt[e f mz6lDq_u&wMrse1lDe[}motSe[pe[dfe[lGuªÉq_ I ± dim(I+〈f〉) = dim(I) ± w.lDubDe[lubDe~nm¨Â·ne[rs}e[eq_ª
I+ 〈f〉
e[yw_pzVu®bDevzyDdq.ª
Cd,e(I+ 〈f〉) ¬ bDe[}e (d, e) pome[zVmlfubDeze1uÆq_ª{w_Ddfmozz}mo~Dpe!~DmÎÂ·DmdÃe1lDzmqslDzq_ª
I ¸ ve1dÀw_4,²ubw.u Cd,e(I + 〈f〉) mozKu®bnefne[rs}e[eq_ª I w_ynrsdÃe1lGu®e[Ñ~G|+rse1lDe[}motpomlDexw_vªÉqsdfz%w_lD
f ¸ mlDt[e¶u®bnefªÉqs}dÃz%w.erse[lne[}mot ± I w.yDrsdfe[lGu®e1µ~G|+u®bne[zeªÉqs}dÃzkmznmodÃw_Å|Xw_pzq ± w_lnµt1qslGuw_mlDzw´?q ¬ e1q_ª f ¸ abyDz ±2¬ e
w_}eÀpexw_Ñu®qXt1qslDz}moDe1u®q²e1.w_pyw.u®efu®bDeÃDe[r_e[eÀq_ªw´Á1e[qÂ·DmdÃe1lDzmqslw_pD}modÃw_}|)monexw_p&w_yDrsdfe[lGu®e1Í~|Xw_l+e[pe[dfe[lGu
f
q_ª
R
zyntbÑubw.uw?q ¬ e[kq.ª f mzKt[q_lu®w_molne[ÍmolXubDet[q_lDzmDe[}e[)DmdÀw_Å|ÀmDexw.p ¸ abyDz ± Cd,e(I + 〈f〉) ≤ Cd,e(I) ¸
. l´u®bneq_ubDe[Mbw_lD ± t[q_lDzmDe[wÃrse1lDe[}mote1poe1dÃe1lu f̃ ∈ R ªÉqs I ¸ abDe1l ± m¨ªV~§q.u®b α w_lD β w_elDq_ulyDpop ± q_m¨ª β = 0 w_ln D > k + 1 ± qsmª α = 0 w_lD D > n − 1 ± }qs?qszm¨u®moq_l°gmodfDpome[zKu®bDw.u~DmDe[r
(I + 〈f̃〉) ≥
~Dmone[r
(I) ≥
~nmoDe1r
(I + 〈f〉) ¸

  ØÜ   Ø   6º
f1, . . . , fs
 7º  [½"  &3" &¹\º7» &  $  &3)» &3"¶½!(*) $ &
R
&¼®º $ º¾T½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〈f1, . . . , fi−1〉
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k + 1
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p∑
j=1
~Dmone[r
(Cj) ≤ B(f1, . . . , fs)
 º7¼®º
B(f1, . . . , fs) =
∑
I,J (Πi∈Iαi) . (Πj∈Jβj)
 º7¼®º
I
(_» 
J
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{1, . . . , s}
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Æ¼ &&  qslnzmone[ubDe
moDe[w_p I = 〈f1, . . . , fs−1〉 ⊂ R w_ln fs ∈ R ¸ abDe
zÅu®}qslDr+~DmÎÂ·De1rse1eÀq_ª
I + 〈fs〉
mzu®bDezyDdÐq_ª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u®bDemzqspow.u®e1XD}modÃw_}|t1qsdÃ?qslDe1lGu®zkq_ª
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DmdÀw.}|Ãt[qsdf§q_lDe[lGu®zq_ª
C + 〈fs〉 ±¬ bDe[}e C rsq\e[z!u®bnqsyDr_b)ubDeze7uvq_ª&mzqspow.u®e1
DmdÀw.}|t1qsdf§qslne[lGu®zq_ª
I ¸qslDz}moDe1KlDq ¬ w_l+moz}qsp©w.ue[²DmdÀw_Å|)t[qsdf§q_lDe[lGu C q_ª I ¸+ ªSmuKnqe1zKlDq_ukt1qslGuw_ml+w?q ¬ e[kq.ª fs ±u®bne[l
C+〈fs〉
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C+〈fs〉
e[yw_pz&muz~nm¨Â·ne[rs}e[e ¸yDn§qsz}eÃlnq ¬ C t[qslGuw.molDzw§q ¬ e[q_ª fs ¸ abDe[l ± fs ~?e[pqslDrszkuqubDefDmdÃe¶mDexw_p P w.zzq\t[mow.u®e1u®q
C
w.lDµz}molDt1e
P + 〈fs〉 = P ± ubDez}u®}qslDr~DmÎÂ·De1rse1e¶q_ª C + 〈fs〉 mzk~Dmone[r (C + 〈fs〉) ± zmlDt[em¨u
898;:*<-=?>A@AB
mozw.pozq¶e1yDmoDmdÃe1lDzmqslw_p ¸ abyDz ±¬ ew_ekmlGu®e[}e[zÅu®e[²mol
~?qsyDlDnmolDr ∑pi=1 ~DmDe[r (Ci + 〈fs〉) ¬ bDe1e pDe1lDq_u®e1zvubDe%lyDd~?e[q_ªmozq_p©w.ue[
D}modÃw_}|Ãt[qsdf?qslDe[lGuzvq.ª
I ¸
Ä eDmz}umolDrsynmozb
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I ¬ bnmotb)Dqe1zt[qslGuw.mol)w¶§q ¬ e[q_ª fs ¸ÆÒ q_e[q¡_e[ ± z}molDt1e
s ≤ n + k − 2 ± u®bne[e¶e Ìmoz}uz f̃ ∈ R q_ª~Dm¨ÂËDe[r_e[e (αs, βs) ±<¬ bnmotb+mozlDq_u%wÁ1e[qÂ·Dm¨mzqsMmol R/I ¸abDe1l ± ªÉqsd ¦ e1dÃdÃw n± ~nmoDe1r (C + 〈fs〉) ≤ ~nmoDe1r (C + 〈f̃〉) ¸abyDz ± ubDezÅu®q_lDr~DmÎÂ·De1rse1eq_ª I + 〈fs〉 moz~?qsyDlnDe[+~G|´ubDezÅu®q_lDr~DmÎÂ·De1rse1eq_ª I + 〈f̃〉 ¬ bDe1e
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(αs, βs)
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〈f1, . . . , fs〉
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〈f̃1, . . . , f̃s〉
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
   55+!Ð*+(  B 3Æ& 613!'0 01f3!,I' 	
![345
{3S
61

Ø  É Ü   &»%$7½! \º7¼ (_»(*) ¹\º  [¼4(_½¿¾ 3(_¼ ½¿º'
V ⊂ Cn
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∂X2
= 0

`1
∂f1
∂Xn
+ . . .+ `s
∂fs
∂Xn
= 0
 º7¼®º
`1, . . . , `s
 (_¼®º»<º  3(_¼ ½!(  )oº $ 
Æ¼ &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〈f1, . . . , fs〉
moz!ww_Dmtxw_p§moDe[w_p ± u®bDek_e[t1uqszw.t[ekrse1lDe[w.u®e1²~G| Span(gradp(f1), . . . , gradp(fs))mozz}yDDDpe[dfe[lGuw. ¬ m¨u®b Tp(V) ¸abyDz ± p mzkwt[}mu®mtxw_pB?qsmolGukq_ª π e1z}umot7u®e1Íuq V mªSw_lDÍqslnp|²mªVu®bnese[t7u®qs}z ¬ bDqsd t1qqs}DmolDw.u®e1zw_}elyDpp{e7Ìt1e[nuvu®bDek³}z}uvqslDe%~?e[pqslDrsz!uq
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Xi
~G|
Xi/X0
ªÉqs
i = 1, . . . , n ± exw_tb `j ~| `j/`0 ªÉqs j = 1, . . . , s molµubDe?qsp|\lDq_dÃmow_pozkq_ªubDez}|\zÅu®e[d rsm_e[lmol ¦ e[dfdÃw20 ± w_lnu®w*,molDrKubDelyDdfe[®wu®qs}z ± qslneqs~nuw.molDzVwK~nm¨Â·bnqsdÃq_rse[lDe1moÁ1e[zÅ|zÅu®e1dmol
Q[X0, . . . , Xn, `0, . . . , `s]
¸ molnt[e%u®bDe ¦ w_rs®w.lDrse%dyDp¨u®monpomoe1zw_D?exw_ ¬ mub²ne[rs}e[e 1 ± ~§q_yDlDDmlDru®bneft[w_nmolw_pmu·|²q_ªSu®bDe¶t1mumot[w_p&pqt1yDz%q_ª
π
mzke[yDm.w_pe[lGuku®q~?qsyDlDÍu®bnefzÅu®}qslDr~Dm¨ÂËDe[r_e[eq_ªSu®bnemonexw_p§rse[lDe1®w.ue[~G|u®bnmoz!?qsp|\lDq_dÃmow_pz}|\z}ue[d ¸ abne[l ± wz}modfDpoew_DDpmotxwu®moq_lÀq_ªBabDe1qse1d kDq¡_e[zu®bne%³Dz}uvm¨u®e[dÕq_ªBu®bDe%abDe1qse1d ¸
 q ¬%± z}yDD?qszeubw.u f1, . . . , fs mozkw}e[rsynp©w_Mze[yDe1lDt[e ¸ mlDt[e V mzKzdfq\q_u®b´ubDeMw_t1qs~Dm©w.lXdÀwu®mÎÌq_ª
f1, . . . , fs
bDw_z®w_l%,
n− s
w.uvw.l|À§q_molGuq_ª
V ¸ abDe1l ± u®bDekz}qspoyu®moq_lDz (x1, . . . , xn, λ1, . . . , λs) q_ªu®bne?qsp¨|lnqsdÃmow_p?z}|\z}ue[d 5



fA1 = . . . = f
A
s = 0
`1
∂fA1
∂X2
+ . . .+ `s
∂fAs
∂X2
= 0
¸¸¸
`1
∂fA1
∂Xn
+ . . .+ `s
∂fAs
∂Xn
= 0ªÉqs ¬ bDmotbÃu®bDe1ee Ìmoz}uz i ∈ {1, . . . , s} z}yDtbu®bwu λi 6= 0 w_}eMubDet1mumot[w_pD?qsmolGu®zSq_ª π e1z}u®}mot7u®e[Ãu®q
V ¸ . lnetxw.lu®bDe1l¶w_Dnp|ku®bne~DmÎÂ·bDqsdfqsrse1lDe[mÁxw.umoqslknq\t[e[z}z2e7ÌbDm~Dmue[w_~§q¡_ew_lDw_DDp¨|%abDe[qs}e[d qsl
u®bnmozz}|\z}ue[d De7³lDmlDrÀw¶~DmÎÂ·D}q}e[t7u®m¨seK.w_me1u·|Àmol
Pn(C) × Ps−1(C) ¸

Ø  ¢D    "  º_º7¼4(*)¾ &¼ &3)#) (_¼ ½¿º $¾ (_»  7º & '(_½­»<º   ¼ &3" º (  & _º%¼®º $  ) 
  » *ºÍ¾ (3$¡º  º7¼®º D = 2 º & \» º&  (_½­»:½ $$7½­»\¹*)oºXº  &»<º7»T½!(*)!½­» º)»  "  7º7¼& &3)» &3"¶½!(*) $
s
(_» °» & ½­» º²»  "  7º7¼& 3(_¼7½!(  )oº $  º ) (_½­»%$ *ºÑ¾ &3")oºs½' &º (*) ¹ &¼ ½ " ?¼ & ¡½! \º  À½­»      \½¿¾²½ $ (*) $& $7½­»\¹*)oºº  &»<º7»T½!(*)B½­»
s
(_» ²¾ &3"  ·º $ *ºº T¼®º "( &2( %(  _¼4(P½¿¾ "( ?½­»\¹¼®º $T¼®º7½¿¾"º   & (_»(*) ¹\º  [¼4(_½¿¾ 3(_¼ ½¿º  \º,+»<º    %(  _¼ (T½¿¾º %(P½'&»%$ 
 
¾¾ &¼4 _½­»\¹ & º ?¼ && & 6º " "(  ½­»ºv¾ (3$¡º  º7¼®º s = n−d 1(_»  º7¼®º (f1, . . . , fn−d) \º,+»<º $ (²¼®º¿¹" ) (_¼ $¡º º7»<¾º½­»
Q[X1, . . . , Xn]
(_» À¹\º7»<º7¼4("º $ ()¼4(  _½¿¾ (*)&½! \º (*) *ºÃ¾7¼7½T½¿¾ (*)
) &¡¾  $ & *º ?¼ &xº¾T½'&»
π
&» º+¼ $v¾ &&¼4 _½­»("º¾ (_»  7º  \º,+»<º  (3$ º¶¾ &3")oº$&3)  T½'&»
$¡º & º  &3).» &3"¶½!(*) $ $·º " 
f1 = . . . = fn−d = 0
(_» *º 3(_»½ $\½­»\¹ &(*)#) *º
(n − d, n − d)
"¶½­» &¼ $ & º (\¾ & [½!(_» "(P¼ ½  (3$ $&¡¾7½!("º  
 & º(  & _º  &3)» &3"¶½!(*)(*"¶½#) V½°¼®º $ º¾  & º 3(_¼7½!(  )oº $
X2, . . . , Xn  
½­»<¾º º $¡º
 \º·º7¼?"¶½­»(_»$ %(_º \º¿¹_¼®ºº
(n− d)(D − 1)
 ( )½­»\¹ *º¾ ) (3$ $7½¿¾ (*)Kº 	3&   & \»  & $ ¾
( $$·º " (*)#) & $ &  & \» *º»  "  7º7¼ & ¾7¼ ½T½¿¾ (*)  &½­»$ &
π
 
Dn−d ((n− d)(D − 1))d 
(*) 8+(*,
 \½ $ %(_»P½'   \½¿¾Ñ½ $¹_¼®º ("º7¼ %(_»º  & » 
¹_½_º7»Ê½­»  º &¼®º "  ½ $  $¡º  ´½­»     
 &  & \» ½­» *º  &¼ $¾ (3$¡º !*º»  "  7º7¼7&f¾7¼ ½P½¿¾ (*) &½­»$Ã¾ &3"  ·º    º(*) ¹ &¼ ½ " $
?¼ & &$¡º  ½­» *º $¡º %(º7¼ $  
 $7½#"¶½#) (_¼ ( ?¼ & (\¾¶½ $  $¡º  ½­»       &M¹_½_º $7½#"¶½#) (_¼  & \» 3$&» º»  "  7º7¼ &¾7¼7½T½¿¾ (*)  &½­»#$& ( _½ $'(_»<¾º  »<¾T½'&»+½­» º  &¼ $¾ (3$¡º  \¼  & \» ?¹_½_º7»½­»  º &¼º "   $ & $!%( º ?¼®º¡½'&  $ &»<º $ º7¼®º!» &  (\¾¾ ¼4(·ºMº7» & _¹ ½­» %(_¼ T½¿¾  ) (_¼%½­» º¾ (3$¡º  º7¼®º
d = n/2 
Ä ekzbDq ¬ molu®bneKªÉqspopq ¬ mlDrze[t7u®mqslbDq ¬ qsyn!~§q_yDlD
txw.l)~?ekyDz}e[
u®q¶mdÃD}q¡seubDe%w_po}exw_| ,lDq ¬ l~?qsyDlDDz¶q_l ubDe³}z}uÃÏe1u}u®m!lyDd~§e1¶q_ªMwÍz}dÃq\q_ubÊexw.pw_por_e[~Dw_motÃze1une1³lDe1 ~G| w+?qsp|\lDq_dÃmow_pz}|\zÅu®e[d r_e[lDe1®w.umolDrfw®w_Dmtxw_p§moDe[w_p ¸
  
!&'07[6'k61 ,  Ã'%,. Ã3V
! ·
	/01	 B)
 lu®bnmozBze[t7u®mqsl ±_¬ e³}z}uVrse1lDe[w_pomÁ[e!nw.ªÉe1|GÂ"tbDqszÅuxÓ zVw_por_qsm¨u®bDdAnq¡\moDe1¶mol Î\u®qMu®bDe!lnqsle[yDmDm¨Âdfe[lDz}moqslw.ptxw.ze ¸ abDe1l ±Æ¬ ee[zÅu®modÃw.ueu®bDe
lyDd~?e[q_ªMt[q_dÃDyu®e[ ?qsmolGuz¶~| u®bDe)w_prsqsm¨u®bDd ¬ eD}qs§q_ze
yDz}molDrÍabDe1qse1d g´u®q+~?qsyDlDÊu®bne³Dz}ufÏÆe1uumlyDd~?e[¶q_ªMw+zdfqq.u®bÊe[w_pw_prse[~n®w_mtÀze7uDe7³lDe[²~G|wf?qsp¨|lnqsdÃmow_p?z}|\z}ue[d rse1lDe[w.u®mlDrfww_Dmtxw_p{mDexw.p ¸
ikmse1lwz}dÃq\q_ubw_prse[~n®w_mt.w_}moe7u·|
V ⊂ Cn
q.ªDmodfe[lnzmoq_l
d ±£¬ eDe[lDq.u®e~G| Πi « ªÉqs i ml {1, . . . , d} ¯u®bnet[w_lDqslnmotxw.p{Dq£}e[t1umoqsl 5
Πi : C
n −→ Ci
(x1, . . . , xn) 7→ (x1, . . . , xi)
w_lD¶~G|
Wn−(i−1)(V)
u®bnet[m¨u®mtxw_ppoq\t[ynz2q_ª
Πi
}e[z}umt1u®e1¶u®q
V ± m ¸ e ¸ ubDe!yDlDmqsl¶q_ªubDet[}mu®mtxw_p?qsmolGuzq_ª
Πi
}e[zÅu®mt1ue[uqexw.tbe[yDmDmodfe[lDz}moqslDw_pGt[qsdf?qslDe[lGuq_ª
V ¸&Ç qspopq ¬ mlDr Î ±.¬ eze7u Wn−d(V) = Vw_lD ¬ ebDw¡_e*5
Wn(V) ⊂ Wn−1(V) ⊂ . . . ⊂ Wn−d+1(V) ⊂ Wn−d(V)
 l ubDee[yDmDmodfe[lnzmoq_lw_pVtxw.ze ± w.ªÉe1| tbDq_z}uxÓ zw_prsqsm¨u®bDd moz~w_ze1Êqsl ubDeÃªÉqsppoq ¬ molnr)r_e[qsdfe1umote1zyDp¨uA5
  ØÜ   Ø  " 
	  6º
V ⊂ Cn
 7º2( $ " && *º \½! _½#"Àº7»%$7½'&»(*)(*) ¹\º  [¼4(_½¿¾ 3(_¼7½¿º'&2 _½#"Àº7»%$7½'&»
d   & (À¹\º7»<º7¼7½¿¾ ) ½­»<º (_¼À¾%(_»\¹\º &3(_¼ ½!(  )oº $ Æ¹_½_º7» (_» (_¼  [½T¼4(_¼  &½­»
p = (p1, . . . , pd) ∈ R
d 
Wn−(i−1)(V) ∩ Π
−1
i−1(p1, . . . , pi−1)
½ $	º7¼ & "  _½#"Àº7»%$7½'&»(*) A&¼
i
½­»
{1, . . . , d + 1}
 (_» º+»½·º
(*) ¹\º  [¼4(_½¿¾2$¡º 
Wn−d(V) ∩ Π
−1
d (p1, . . . , pd), . . . ,Wn−(i−1)(V) ∩ Π
−1
i−1(p1, . . . , pi−1), . . . ,Wn(V)
½­»·º7¼ $¡º¾#$¶º (\¾X¾ &»»<º¾·º  
¾ &3" &»<º7» & º¼®º (*)&¾ & »·º7¼ %(_¼ &
V  lDw_m_e ¬ wx|Ãq_ª6yDz}molDrubDmozÆe1zyDp¨uu®qt[qsdfDynuekw.u!pexw_zÅuq_lDeK?qsmolGuÆmole[w_tb
t[qslnlDe[t7u®e[t1qsdÃ?qslDe1lGuq_ª&w¶exw.p6w_porse1~D®w.motKz}e1uvDe1³DlDe[²~|
wf?qsp|\lDq_dÃmow_p§zÅ|\z}u®e1d
f1 = . . . = fs = 0
898;:*<-=?>A@AB
rse1lDe[w.u®mlDrwflDqslXe1\ynmoDmdÃe1lDzmqslw_pmDexw_pBmozu®qÃt[qsdfDynuew_l²e[yDmDmodfe[lDz}moqslDw_p6De[t1qsdÃ?qsz}mu®mqslq_ªu®bnefmDexw.p
〈f1, . . . , fs〉
w_lDµw_DDp¨|XabDe1qse1d u®qexw.tb t[q_dÃDyu®e[Íe1\ynmoDmdÃe1lDzmqslw_pt[qsdf§q_lDe[lGu ¸abDmzue[tbDlnmoyDemzyDlDDe1p|\mlDr%molfdÀw_lG|¶}e[t1e[lGuw_prsqs}mu®bndÃzt[qsdfDynumolDrw.uSpoe[w_z}uSqslnev?qsmluSmlfe[w_tbt[q_lDlDe[t7u®e1 t1qsdf§qslne[lGu¶q_ªMw´}exw_pw_porse1~D®w.motfze1u « ze1e ¨ ± g_ ± £ ¯ w_lnÊDqe1zlDq_u¶w_popq ¬ u®q+D}q£_ez®wu®mozÅªTw_t1uqs}|t[qsdfDpoe Ìmu·|}e[z}yDpuzÆlDe1mubDe[qslu®bDeqsyu®DynuSq_ª§u®bDevw_prsqs}mu®bndÃz2lnqsqslfubDevw_m¨u®bDdfe1umott[q_dÃDpe7Ìmu·| ± z}molDt1eKu®bDekDe1rse1ekq_ª6u®bDek?qsp¨|lnqsdÃmow_pozDe7³lDmlDrexw_tbe[yDmDmodfe[lnzmoq_lw_p?t[qsdf§q_lDe[lGumzlDq_u ¬ e[ppt[qslGuqsppoe[ ¸
!²Ü ¡¢ Ü  Ä e%De1lDq_ue~G| πi u®bnet[w_lDqslnmotxw.p{Dq£}e[t1umoqsl 5
πi : C
n −→ C
(x1, . . . , xn) 7→ xi
Ø   ¢  Bº
(f1, . . . , fs)
 7º (  &3).» &3"¶½!(*)(*"¶½#)K½­»
Q[X1, . . . , Xn]
¹\º7»<º7¼4(P½­»\¹ (%¼4(  _½¿¾ (*)\½! \º (*)
&  _½#"Àº7»%$7½'&»
d   ½_º7»(¹\º7»<º7¼7½¿¾  &½­» (p1, . . . , pd) ½­» Qd !¾ &»%$7½! \º7¼ *º! &3)» &3"¶½!(*)$ $·º "-½­»
Q[`1, . . . , `s, X1, . . . , Xn] 
f1 = . . . = fs = 0, X1 − p1 = 0, . . .Xi − pi = 0
`1
∂f1
∂X1
+ . . .+ `s
∂fs
∂X1
= 1
`1
∂f1
∂X2
+ . . .+ `s
∂fs
∂X2
= 0

`1
∂f1
∂Xn
+ . . .+ `s
∂fs
∂Xn
= 0
 º!?¼ &xº¾T½'&» &%½$¶¾ &3")oº $&3)  T½'&» $¡º &»
X1, . . . , Xn
½ $
Π−1i (p1, . . . , pi) ∩Wn−i(V) 
Æ¼ &&  qslDzmDe[ (g1, . . . , gk) ∈ Q[X1, . . . , Xn] w§q_p|\lDqsdfm©w_pªTw_dfmop¨|rse1lDe[w.u®mlDrww_Dmot[w_pmonexw_p¬ bDqsz}eÀw.zzq\t[mow.u®e1 w.porse1~D®w_mt.w_me1u·| Cd mozw_lÑe[yDmonmodfe[lDz}moqslw.p&t[q_dÃ?qslDe1luq_ª V ⊂ Cn ¸ ¦ e1u y~?ekw§q_molGu!ml
Π−1i (p1, . . . , pi)∩Wn−i(Cd)
w_lD
e1, . . . , ei+1
ubDekrs®w.Dmoe1luÆse1t1u®q_zq_ª
X1, . . . , Xi
¸mlDt[e
y ∈ Wn−i(Cd)
5
dim(Span(e1, . . . , ei+1) + Span(grady(g1), . . . , grady(gk))) ≤ n− d+ i.
mlDt[e
y
mzwf}e[rsynp©w_!?qsmluq.ª
Cd ± dim(Span(grady(g1), . . . , grady(gk))) = n− d ¸Ò qs}e[q¡se1 ± y zw.u®mz}³e1zu®bneÀe[ywu®mqslDz Xi = pi, . . . , X1 = p1 ± w_ln zmlDt[e (p1, . . . , pi) mozrse1lDe[}mot ±
Π−1i (p1, . . . , pi) ∩ Cd
bw_zDmdÃe1lDzmqsl
d− i ¸ abDmozmdÃDpmoe1z 5
dim(Span(grady(g1), . . . , grady(gk), e1, . . . , ei)) = n− d+ iw_lDu®bne[l
ei+1 ∈ Span(grady(g1), . . . , grady(gk), e1, . . . , ei)
¸
mlDt[e
(f1, . . . , fs)
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= 0
  ØÜ   Ø    6º
(f1, . . . , fs) ⊂ Q[X1, . . . , Xn]
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